Abstract. Let f,g : I -* R be given continuous functions on the interval I such that j / 0, and h :--is strictly monotonic (thus invertible) on I. Taking an increasing 9 nonconstant function fj,
Introduction
Let I be an interval f,g : I - where the integrals are Riemann-Stieltjes ones. From the mean value theorem it follows that min{x,y} < Mf<gili(x,y) < max{x,y}
i.e. Mft9tll is a two-variable mean on I. As MftgjCfl(x, y) = Mft9tll(x,y) for any positive c we may assume without restricting the generality that (1) \dn(t) = 1.
We remark that Mft9tfi could be defined not just for two, but for several variables analogously (see [3] ).
Pales [6] noticed that with suitable choice of (.i both the quasi-arithmetic means weighted with a weight function and the Cauchy (and also several other) mean can be obtained. Taking namely 
fi(t) = m(t) = <

<7(z) -
is the Cauchy or difference mean. The homogeneity problem for the n > 3 variable version of these means has been solved in [3] .
Several other means, among others some non-symmetric ones, can be obtained by suitable choices of fi. The aim of this paper is to determine the homogeneous non-symmetric Mftgtfl means for a large class of fi.
Some remarks on homogeneous functions
In the sequel Concerning (2) we can pose two problems:
(i) find all functions f,g satisfying the functional equation (2); (ii) find all means Mfi9tfl which satisfy (2) .
Clearly from the solution of (i) one can get the solutions of (ii). We shall see that problem (i) has more solutions than (ii) as the same mean can be built up from several pairs /, g (see [2] , [4] for the equality problem of two variable means).
In each class of means the homogeneous ones form a very important subclass.
In the sequel we shall use the next two lemmas. To prove this substitute x = 1 in (3) and observe that I\ = I. To justify this differentiate the homogeneity equation, first with respect to y /-times and after that with respect to x fc-times.
To determine the unknown functions /, g in the homogeneity equation (2) we need two independent equations. For this purpose we use the partial derivatives of Mf )ff)M taken at the point (x,x). The second and third derivatives are by Lemma 2 homogeneous functions of degree -1 and -2 respectively thus by Lemma 1 these derivatives are equal to constant/x and constant/x 2 respectively. For non-symmetric means under some additional conditions these derivatives supply the two equations needed in the solution.
Differential equations for h, f, g
Suppose now that /, g : I -» R are three times continuously differentiable functions g(x) / 0 (x £ I), h(x) = f{x)/g{x) (x € I) has non-vanishing derivative on I and is homogeneous. Differentiating Mf^g^(x,y) and substituting y = x we obtain that
, and dx 2 dy dxdy (4) 
where
are the kth moments of /x and by (1) mo = 1.
In finding the third derivative and also in some other elementary but tedious calculations (substituting long expressions into others etc.) the software package Maple V was used.
The above equations can be used for our purpose only if which holds, if and only if, the measure given by /z is concentrated on a single point of the interval [0,1], i.e. the increasing function ¡JL has one single jump. Thus, the first condition of (6) holds, if and only if, the measure given by /x is not concentrated on a single point. The left hand side of the second condition in (6) can be rewritten as
Since y / m2 > mi, ^/rn^ > mi (as the nth power integral mean ^Jmn is an increasing function of n) the first term here is nonpositive the second is nonnegative (moreover positive, if the first condition of (6) holds). This shows that non-symmetry of the mean, in general, does not guarantee the second condition. At the same time, for symmetric means (like the Cauchy mean and the quasi arithmetic mean weighted by a weight function) the second condition of (6) does not hold. For this (two particular symmetric) means the solution of the homogeneity problem is much more complicated, one has to use in addition to (4) the fourth and sixth derivatives of the mean at the point (x,x) see [5] .
Unfortunately we cannot characterize the functions ¡J, that satisfy the second condition of (6) . Calculating other third order derivatives than (5) leads to the same equations/conditions. Using the fourth derivative (similarly to [5] ) leads to Riccati equations whose solutions cannot be obtained by help of quadratures. Thus the only possibilities are the use of the fifth or sixth derivatives. These however depend on the moments mi,..., mg which makes the system of differential equations unmanageable (at least for the time being). On the other hand the (nonsymmetric) examples of the last The negation of the first condition means that 2 m\ + 3m i77i2 -= mf -m^ + 3mi(m2 -ml).
section show, that equality in the second condition of (6) in the class of non-symmetric means is rather exceptional.
REMARK (added in proof). Pales [6] noticed that
Thus the second condition of (6) means that the integral on the left hand side is non-zero, or that the measure generated by the function fi has nonvanishing third central moment.
Suppose now that (6) holds. Then from (4) we get that
where c is a constant.
into (5) we obtain 
-\H(x)dx d (11) z(x) = e 2 ' w (>0), H(x) = -2-Qnz(x)). dx (12)
The nonzero solutions of (10) (17) or (18) holds (depending on which line of (15) is taken into consideration). Calculating the derivatives h! it turns out that for each line of (15) the conditions g(x) ^ 0 (x G I) and h!{x) ^ 0 (i 6 /) are satisfied simultaneously.
• It is easy to check that
where p,q,r,s eK are constants for which ps -qr^0 (where it is assumed that /i,pi,/2,i?2 : / M, gi,g 2 ^ 0, hi = fi/gi,h 2 = h/g2 are continuous and strictly monotonic on I). Let us call the pairs (/i,<7i) and (/2,g2) equivalent (with respect to the mean Mfif (19) holds. Equivalent pairs generate the same mean.
By the addition formulae of sin, cos, sinh, cosh the pairs (/, g) listed below are equivalent to the pairs given in (15). 
where x,y E I, and o^0,c£R are constants. In case of the first mean the maximal interval is (exp (-5^) , exp (5^)) , in case of the last two means the maximal interval is (0, 00).
Proof. The first pair (/,g) of (20) gives the mean (21), and the maximal interval I as stated.
The second, third, fourth pairs (/, g) of (20) build up the same mean, as they are linear combinations of x c exp a In x = x c+a and x c exp (-alnx) = xc-a prom them we get the mean (22), the maximal interval being I = (0,oo).
Finally the last pair (/, g) of (20) builds up the mean (23), with the maximal interval again I = (0,00).
It is easy to check that the means (21), (22), (23) satisfy the homogeneity equation (2) .
•
Examples for families of non-symmetric homogeneous means
As our first example consider the mean 
